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Abstract—To push the frontiers of quantum-dot cellar automata
(QCA) based circuit design, it is necessary to have design and
analysis tools at multiple levels of abstractions. To characterize
the performance of QCA circuits it is not sufficient to specify
just the binary discrete states (0 or 1) of the individual cells, but
also the probabilities of observing these states. We present an
efficient method based on graphical probabilistic models, called
Bayesian networks (BNs), to model these steady-state cell state
probabilities, given input states. The nodes of the BN are random
variables, representing individual cells, and the links between
them capture the dependencies among them. BNs are minimal,
factored, representation of the overall joint probability of the
cell states. The method is fast and its complexity is shown to be
linear in terms of the number of cells. This BN model allows us to
analyze clocked QCA circuits in terms of quantum- mechanical
quantities, such as steady-state polarization and thermal ratios
for each cell, without the need for full quantum-mechanical
simulation, which is known to be very slow and is best postponed
to the final stages of the design process. We can also estimate the
most likely (or ground) state configuration for all the cells and
the lowest energy configuration that results in output errors. We
validate the model with steady-state probabilities computed by the
Hartree–Fock self-consistent approximation (HT-SCA). Using full
adder designs, we demonstrate the ability to compare and contrast
QCA circuit designs with respect to the variation of the output
state probabilities with temperature and input. We also show how
weak spots in clocked QCA circuit designs can be found using our
model by comparing the (most likely) ground-state configuration
with the next most likely energy state configuration that results in
output error.

Index Terms—Markov models, nanocomputing, nanotech-
nology, probability, quantum dots, stochastic logic circuits.

I. INTRODUCTION

QUANTUM-DOT cellular automata (QCA) is an emerging
technology that offers a revolutionary approach to com-
puting at the nanoscale [1]–[3]. It tries to exploit, rather

than treat as nuisance properties, the inevitable nanolevel issue
of device to device interaction to perform computing. The basic
unit of computation is a cell consisting of two electrons that
can exist in four possible quantum dots. There are two pos-
sible ground state (minimum energy) configurations for each
cell, corresponding to the two possible diagonal occupancies
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(see Fig. 1). These two states are used to represent the logic
states 0 and 1. Due to quantum tunneling between the dots,
each cell actually exists in a state that is a linear combination
of these two states. By modulating the tunneling energy using
an external electrostatic clocking these states can be combined
equally, placing the cell in an unpolarized state, i.e., polarization
is zero. Completely polarized states corresponding to the states
1 and 0, are referred to as polarization 1 and , respectively.
While there is quantum tunneling between dots in the same cell,
there is no quantum tunneling between neighboring cells. How-
ever, neighboring cells affect each other by modifying the po-
tential energies through Coulombic interactions, which in turn
affect the ground-state configuration of a cell arrangement.

Logic circuits can be built by mapping the logic onto the
ground-state configuration. Given that the total energy is com-
posed out of the pairwise Coulombic interactions between cells,
the ground-state configuration can be described as minimizing
the total kink energy. The kink energy between two cells is de-
fined to be the difference in energy if the cells have opposite
states (or polarizations) and the energy if the cells have same
states (or polarizations). Thus, a linear arrangement of cells
has two ground-state configurations, without any kinks, and can
act as a wire (see Fig. 1). Another basic logic element is the
three-input majority gate that can be constructed by arranging
the cells as shown in Fig. 1. To keep the QCA circuit at ground
state, an adiabatic four-phased clocking scheme has been pro-
posed that modulates the tunneling energies between the dots
in a cell. The four-phased clocking scheme controls the flow of
information in a QCA circuit by driving each cell through de-
polarized state, latching phase, and hold phase, and then back to
a depolarized state. The adiabatic aspect of the clock keeps the
circuit at ground state. Note that computation errors can arise
if the circuit goes out of ground state. Of particular interest are
states that are close to the ground states.

Computations in QCA do not need interconnects or elec-
tron transport, which raises the attractive potential for extremely
low-power computations, with the possibility of even breaking
the barrier [4]. Both individual QCA cell (semiconductor
and metallic) and multiple QCA arrangements have been fab-
ricated and tested [5]–[7]. Research is ongoing for molecular
QCAs [8], which will make it possible to operate at room tem-
perature, possibly alleviating the dominant criticism of this tech-
nology. Several QCA-based circuit designs have also been pro-
posed [9], [10].

The operations of these devices are dominated by quantum
mechanics, making it difficult to model various issues, such as
error or power dissipation with deterministic state models. This
has implications in the structure of the design methodology to
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Fig. 1. QCA basics. Each cell exists in a combination of two polarized states. The kink energy between two cells is defined to be the difference in energy if the
cells have opposite states and the energy if the cells have same states. A linear arrangement of cells has two ground-state configurations and can act as a wire.
Majority logic is natural to QCA and is the basic gate for QCA circuits.

be applied. Hierarchical design at multiple levels of abstraction,
such as architectural, circuit, layout, and device levels, is prob-
ably still possible [11]. However, the nature of coupling of the
issues between levels would be different and stronger. For in-
stance, it would be important to study the effect of temperature
and input line polarizations for a full QCA circuit at layout level
in a computationally efficient manner. For this, we need com-
puting models at higher levels of abstraction that are strongly
determined by device-level quantum-mechanical models.

High-level optimization of QCA circuit structures would re-
quire repeated estimates of ground (and preferably near-ground)
states, along with cell polarizations for different design varia-
tions. This is presently possible only through full quantum-me-
chanical simulation of the system evolution over time, which
is known to be computationally expensive. Table I lists the
QCA modeling tools that are currently available. The tool sets
AQUINAS [12] and the Coherence vector simulation engine
in the QCADesigner [13], both perform iterative quantum me-
chanical simulation [self-consistent approximation (SCA)] by
factorizing the joint wave function over all cells into a product
of individual cell wave functions (Hartree–Fock approxima-
tion). They result in accurate estimates of ground states, cell
polarization (or probability of cell state), temporal progress,
and thermal effects; however, they are very slow. In addition,
they cannot estimate near-ground-state configurations, which
would be important for circuit error analysis. The tool sets such
as QBert [15], Fountain–Excel simulation, nonlinear simulation
[13], [14], and digital simulation [13] are fast iterative schemes;
however, they just estimate the state of the cells and some fail
to estimate the correct ground state for some situations. They
do not estimate the cell polarization estimate nor account for
temperature effects. We present a modeling method that allows
for not only cell polarization estimates for the ground state,
but also allows us to reason about other near-ground-state
configurations. The method is also efficient.

We propose the use of probabilistic models at layout level
to model clocked QCA circuits. Given the strong dependencies
among devices that need to be modeled, we use graphical prob-
abilistic models, namely Bayesian networks, to explicitly rep-
resent dependencies and the inherent device-level uncertainties.
In these representations, the nodes denote the random quantities
of interest, which are the states of the QCA cells, and links de-
note direct dependencies, determined by causality induced by
the direction of quantum signal propagation. The structure of

TABLE I
CURRENT QCA CIRCUIT DESIGN TOOLS

the links are dictated by the layout of the devices and are quan-
tified by conditional or joint probabilities, which are based on
the quantum-mechanical density matrix. Probability computa-
tions are done by local message passing [16]. We validate the
model against the coherence vector based quantum simulations
and demonstrate its ability to perform fast simulations using full
adder designs that have been proposed. Using the Bayesian net
model, we show not only how one can reason about ground-state
configuration, but also the lowest energy state configuration that
results in output errors by simply changing the probability up-
dating algorithm. We also illustrate the kinds of thermal study
that can be performed.

The salient feature of this model is as follows.
• We propose graphical probabilistic models, namely

Bayesian networks, to explicitly represent dependencies
and the inherent device-level uncertainties.

• The graphical model is causal, minimal, and the structure
is dictated by the layout of the devices and are quantified
by conditional or joint probabilities, which are based on
the quantum-mechanical density matrix.

• Accurate, fast estimates are obtained statically that match
closely with the quantum mechanical simulation.

• We can study the dependence of polarization on parameters
like temperature and other device level aspects.

• We can not only obtain the: 1) ground-state configuration
and 2) polarization of each cell at ground state; we can
also obtain: 3) probability of the near-ground state (next
to the lowest one) to study error and 4) the configuration
of each cell to generate the most probable error configu-
rations. Note that this can be useful for tackling the weak
spots in every design.

In Section II, we present the Bayesian model of QCA com-
putations and how a Bayesian net model can be constructed. In
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Fig. 2. Bayesian net dependency model for: (a) nine-cell QCA wire considering (b) one-cell radius of influence, (b) two-cell radius of influence, and (c) all cells.

Section III, we present two probability updating schemes that
allows us to reason about the average (expected) case behavior
and the minimum energy (most likely) configuration of a QCA
circuit. We validate and present results on simple QCA compo-
nents in Section IV and using full adder designs in Section V.
We analyze the complexity in Section VI and we conclude with
Section VII.

II. BAYESIAN MODEL OF COMPUTATION

Let us consider a collection of QCA cells ,
indexed in a manner such that the first cells are
the inputs, and the last cells are the
outputs. Following Tougaw and Lent [12] and other subsequent
works on QCA, we use the two-state approximate model of a
single QCA cell. This two-state approximation of a cell can be
derived from a rigorous quantum formulation based on all pos-
sible configurations of a pair of electrons in a cell. Each cell can
be observed to be in one of two possible states: logical state 0,
denoted by , and the state 1, denoted by . We will denote
the probability of observing a cell at state , by or

, or simply by .1 The commonly used attribute of
a polarization of a QCA cell can be expressed in terms of these
state probabilities . The joint probability
of observing a set of steady-state assignments for the cells is de-
noted by . In terms of the underlying physics of
the problem, this joint probability will be determined by the un-
derlying quantum wave function over the possible states, which
is quite large. To reduce the combinatorics, it is common to con-
sider a joint wave function in terms of product of a wave func-
tion over one or two variables (Slater determinants), i.e., to con-
sider a factored representation of the wave function. The evolu-
tions of these smaller wave functions, coupled with each other
via columbic interaction, as in the Hartree–Fock approxima-
tion, determine the state probabilities. In this paper, we present
a method to directly approximate these joint state probabilities
that are induced by the underlying wave function. This helps
us to form quick estimates of quantities that are relevant for
QCA circuit analysis, such as the steady-state cell polarizations,

1We will use uppercase to denote random variables and lowercase letters to
denote values taken by the random variable.

thermal variation of the state probabilities, mostly likely state
configurations, and near-ground-state configurations.

The complexity of the representation of the joint probability
function is determined by the dependencies
among the underlying variables. The dependency structure
among the QCA cells will be patterned after the local neighbor-
hood structure. Fortunately, due to the fall-off of columbic
interaction between cells, the effect radius of a cell can be
truncated to a finite value. Thus, it is not necessary to model
the interactions of each cell with every other cells, rather it is
possible to decompose the overall joint probability into local
conditional dependencies.

Consider a linear arrangement of nine QCA cells, shown in
Fig. 2(a). Without making any assumptions, the joint state prob-
ability function can be decomposed into product of conditional
probability functions by the repeated use of the property that

(1)

However, if one considers a one-cell radius of influence, then
a conditional probability can be approxi-
mated by , and the overall joint probability can be
factored as

(2)
If one were to assume a two-cell radius of influence, then the
factored joint probability will be

(3)

These factoring of the joint probability can be represented
graphically, with nodes representing the random variables
and the links denoting direct dependencies. Fig. 2(b) and (c)
shows the graph representations for one-cell and two-cell
neighborhoods. The graphs are directed acyclic graphs (DAGs).
Fig. 2(d) shows a nine-cell neighborhood, where there is no
assumption about the neighborhood of influence—we have a
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complete DAG. It is common to refer to the neighbors of a node
as being its parents or children. A link is directed from a parent
node (or cell) to its child node (or cell). Note that directed link
structure should not be interpreted as the lack of dependence
of a node on its children, rather the direction just represents
the cause–effect relationship. The dependence of node on its
children is implicitly represented. For instance, in Fig. 2 node

is dependent on its neighbors and . The dependency
on is quantified by and the dependency upon
is captured by .

A. Inferring Link Structure

The complexity of Bayesian network representation will be
dependent on the order of the conditional probabilities, i.e., the
maximum number of parents a node. The maximum size
of the conditional probability table stored will be . Thus,
it is important to have a representation with the minimum pos-
sible number of parents per node, while preserving all the de-
pendencies. To arrive such a representation, we have to exploit
any conditional independencies that might exist. Note that mod-
eling all dependencies is easy—just use a complete graph rep-
resentation—however, it is the independencies that result in a
sparse graph representation. It can be shown that all conditional
independencies among all triple subsets of variables can be cap-
tured by a DAG representation if the links are directed along
causal directions [16], i.e., a parent should represent the direct
causes of its children. Such minimal representations are termed
Bayesian networks. A link is directed from node to node ,
if is a direct cause of . For QCA circuits, there is inherent
causal ordering among the cells. Part of the ordering is imposed
by the clocking zones. Cells in the previous clock zone are the
drivers or the causes of the change in polarization of the current
cell. Within each clocking zone, ordering is determined by the
direction of propagation of the wave function [12].

Let Ne denote the set of all neighboring cells than can
effect a cell, . It consists of all cell within a prespecified ra-
dius. Let denote the clocking zone of cell . We assume
that we have phased clocking zones, as has been proposed for
QCAs. Let denote the time it take for the wave function
to propagate from the nodes nearest to the previous clock zone
or from the inputs, if shares the clock with the inputs. Note
that only the relative values of are important to decide
upon the causal ordering of the cells. We employ the breadth
first search strategy, outlined in Fig. 3, to decide upon this time
ordering .

The direct causes or parents of a node is determined based
on the inferred causal ordering. We denote this parent set by
Pa . This parent set is logically specified as follows:

Pa Ne

(4)

The causes, and hence the parents, of are the cells in the
previous clocking zone and the cells are nearer to the previous
clocking zone than . The children set Ch of a node
will be the neighbor nodes that are not parents, i.e., Ch
Ne Pa .

Fig. 3. Breadth-first search algorithm to decide upon the causal order of the
QCA cells.

The next important part of a Bayesian network specification
involves the conditional probabilities pa , where
pa represents the values taken on by the parent set Pa .

B. Quantification of Conditional Probabilities

In a four-phased clocked design [12], the goal is to drive
all cells into the ground state by systolically driving subgroups
of cells, bunched together in one clock zone, locally into their
ground states. So the conditional probabilities we are interested
in are the probabilities of the ground states, defined locally over
each cells Markov neighborhood. In other words, to decide upon
the conditional probability of a cell state given the states of the
parent nodes Pa pa , we have to con-
sider all cells within the Markov neighborhood Ne , which
includes the cells that are the parents in the Bayesian network
representation Pa and also the children Ch . The states
of these parents are fixed at the conditioned state assignments
pa ; however, the states of the children are unspecified. Since
we are modeling a clocked circuit where the phased clock de-
sign keeps the cells at their ground states in each clocking epoch,
we can choose the polarization of and Ch to be the one
that minimizes the energy (Hamiltonian) in the local neighbor-
hood given the parent states. This we arrive at using quantum
mechanical formulation.

An array of cells can be modeled fairly well by considering
cell-level quantum entanglement of these two states and just
Coulombic interaction of nearby cells, modeled using the
Hartee–Fock (HF) approximation [12], [17]. The HF model
approximates the joint wave function over all the cells by the
product of the wave functions over individual cells (actually the
sum of permutations of the individual wave functions—their
Slater determinant). This allows one to characterize the evo-
lution of the individual wave functions. We are interested in
the evolution of the wave function of the cell in the local
neighborhood Ne .

We denote the eigenstates of a cell corresponding to the
2-states by and . The state at time , which is referred to
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as the wavefunction and denoted by , is a linear combi-
nation of these two states, i.e., .
Note that the coefficients are functions of time. The expected
value of any observable can be expressed in terms of
the wave function as or equivalently
as Tr , where Tr denotes the trace operation
Tr . The term is
known as the density operator . Expected value of an
observable of a quantum system can be computed if is
known.

The entries of the density matrix can be shown to be
defined by or , where denotes
the conjugate transpose operation. Note that the density matrix
is Hermitian, i.e., . Each diagonal term

represents the probabilities of finding the system in state
. It can be easily shown that . These

two entries of the density matrix are pertinent to logic modeling
using these devices. Ideally, these probabilities should be zero
or one. In QCA device modeling literature, one finds the use
of polarization index , which is simply , the
difference of the two probabilities and ranges from 1 to 1.

The density operator is a function of time and its
dynamics is captured by the Loiuville equation or the
von Neumann equation, which can derived from the basic
Schrodinger equations that capture the evolution of the wave
function over time

(5)

where is a 2 by 2 matrix representing the Hamiltonian
of the cell. For arrangements of QCA cells, it is common to
assume only columbic interaction between cells and use the
Hartree–Fock approximation to arrive at the matrix representa-
tion of the Hamiltonian given by [12]

Ne

Ne

(6)

where the sums are over the cells in the local neighborhood,
Ne . is the energy cost of two neighboring cells having
opposite polarizations; this is also referred to as the “kink en-
ergy.” is the geometric factor capturing electrostatic fall off
with distance between cells. is the polarization of the -th
neighboring cell. The tunneling energy between the two states
of a cell, which is controlled by the clocking mechanism, is de-
noted by .

In the presence of inelastic dissipative heat bath coupling
(open world), the system moves towards the ground state [12],
[17]. At thermal equilibrium, the steady-state density matrix is
given by

Tr
(7)

where is the Boltzman constant and is the temperature. Of
particular interest are the diagonal entries of the density matrix,

which expresses the probabilities of observing the cell in the two
states. They are given by

(8)

where Ne , the total kink energy at

the cell, , the energy term (also known as
the Rabi frequency), and is the thermal ratio. We
are interested in these probabilities for the minimum energy
ground-state values. This is determined by the eigenvalues
of the Hamiltonian (6) which are , a function of the kink
energy with the neighbors. However, the states (or equivalently,
polarization) of only the parents are specified in the conditional
probability that we seek. The polarization of the children are
unspecified. We choose the children states (or polarization)
so as to maximize , which would minimize the ground-state
energy over all possible ground states of the cell. Thus, the
chosen children states are

Pa Ch
(9)

The steady-state density matrix diagonal entries (8) with these
children state assignments are used to decide upon the condi-
tional probabilities in the Bayesian network (BN)

pa pa

pa pa (10)

III. REASONING ABOUT QCA CELLS BY

PROBABILISTIC INFERENCE

Given the joint probability specification
, as captured by the Bayesian network (BN) represen-

tation, we explore the computation of the following quantities
of interest.

1. What is the expected polarization of a cell , given the
polarization of input cells ? For this, we need
to compute . This can be done using av-
eraged likelihood propagation in the BN discussed later in
this section. The expected polarization would simply be the
difference of the conditional probability of the two states
of .

2. Given the polarization of the input cells , what
is the minimum energy polarization (or most likely state)
assignments of all the cells? For this we need to compute

, or the max-
imum likelihood state assignments. This can done using
maximum likelihood propagation in the BN.

3. What is the minimum energy configuration that results
in error at a output cell for a given input assignment

? This can be arrived at, again, by conditional
maximum likelihood propagation.

Using the above computations we can address QCA design
issues such as: 1) How do output polarizations change with tem-
perature and inputs? 2) What is the likelihood that a QCA cir-
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Fig. 4. (a) An arrangement of QCA cells. (b) Transformation from a Bayesian network to a triangulated graph. (c) Junction tree of cliques.

cuit will result in correct output? 3) What are the lowest energy
state configurations that result in output errors? In the rest of
this section, we outline the nature of the average and maximum
likelihood propagation schemes that we will use to answer these
questions.

Before we delve into the details of the inference process, we
provide the reader a very short (one paragraph) primer on graph
theory. For more details the reader is referred to any standard
graph theory textbook. A graph consists of nodes that are con-
nected by links. Links can be associated with weights and/or
directions. A directed graph is a graph whose links have di-
rections, implying connection in only one direction between
two nodes. For a undirected graph with nodes, the max-
imum number of possible links is . For a directed
graph with nodes, the maximum number of possible links is

. A path in a graph is a sequence of nodes in the graph
connected by links. A cycle is a path that starts and ends at the
same node. A tree is a graph with no cycles. There are
links in a tree graph with nodes. A clique is a subset of nodes
that are all connected to each other. A directed graph with no
cycles is called a directed acyclic graph (DAG). Note that for
an undirected graph, the acyclic condition implies that it is tree
structure, but it not necessarily so for directed graphs. A trian-
gulated graph is an undirected graph all of whose cycles can be
expressed as a composition of cycles with three nodes.

The exact inference scheme is based on local message passing
on a tree structure, whose nodes are subsets (cliques) of random
variables in the original DAG [18]. This tree of cliques is ob-
tained from the initial DAG structure via a series of transfor-
mations that preserve the represented dependencies. We illus-
trate this process using the simple arrangement of QCA cells in
Fig. 4(a). First, we convert the DAG structure to a triangulated
undirected graph structure via the construction of an undirected
Markov structure, which is referred to as the moral graph, mod-
eling the underlying joint probability distribution. The moral
graph is obtained from the DAG structure by adding undirected

links between the parents of a common child node. An illustra-
tion of this process is shown in Fig. 4(b)—the added new links
at each stage are depicted as thick lines. The additional links
explicitly capture the dependencies that were only implicitly
represented in the DAG. In a moral graph, every parent–child
set formS a complete subgraph. Due to the undirected nature of
the moral graph, some of the independencies represented in the
DAG would be lost, resulting in a nonminimal representation.
The dependency structure is, however, preserved. This loss of
minimal representation will eventually result in increased com-
putational demands, but does not sacrifice accuracy.

Next, a chordal graph is obtained from the moral graph by tri-
angulating it. Triangulation is the process of breaking all cycles
in the graph to be A composition of cycles over just three nodes
by adding additional links. There are many possible ways for
achieving this. At one extreme, we can add edges between every
pair of nodes to arrive at a final graph that is complete, which,
of course, will still preserve all dependencies, but will have ex-
ponential representational and computational cost. To control
the computational demands, the goal is to form a triangulated
moral graph with minimum number of additional links. The task
of triangulation by adding the minimum number of links is a
NP-hard problem. So, in practice one uses various approximate
algorithms. For instance, the Bayesian network inference soft-
ware HUGIN2, which we use in this work, uses efficient and
accurate minimum fill-in heuristics to calculate these additional
links. An example triangulation with this heuristic is shown in
Fig. 4(b).

In this triangulated graph, cliques are found. In practice, the
triangulation and the clique enumeration steps can be coupled
[18]. Since the exact nature of these steps would be important
for complexity analysis, we outline them in some detail. All
the nodes of the moral graph are first tagged as unlabeled. An
unlabeled node that has the minimum number of mutually un-
connected (unlabeled) neighbors is chosen. This node is then

2[Online]. Available: http://www.hugin.com
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Fig. 5. Variation of the probability of correct output state for a cell line of nine cells with normalized temperature E =kT (a) for different local neighborhood
sizes. (b) Iterative Hartree–Fock–Rothman updating compared with BN modeling.

labeled with the highest available node number, say , starting
from a number equal to the total number of nodes . A set
is then formed consisting of the selected node and its still unla-
beled neighbors. Edges are filled in between any two unlinked
nodes in this set . Then the maximum available node number

is decremented by 1. This process is repeated until there is
no unlabeled nodes. The resultant graph, which we term as the
chordal graph, is guaranteed to be triangularized. Note that each

is a complete subgraph by construction and the set of these
constitutes the cliques of the graph . The generated sequence
of cliques ’s is termed the elimination set of cliques
of the graph.

Definition: An ordering of the cliques is
said to possess running intersection property if for every ,

, such that .
This property is essential for BN inferencing based on local

message passing. The generated order of the cliques in the elimi-
nation set will possesses this running intersection property [18].

It can also be shown [18] that if is a se-
quence of sets with the running intersection property
and for some then the ordered set

also
has running intersection property. Using this property the
clique can be eliminated for all , . Hence, the
elimination set can be reduced to obtain the minimal ordered set
of cliques called clique set representing the triangularized
graph completely.

A junction tree between these cliques is formed by connecting
each to a predecessor clique , in the clique set, ,
sharing the higher number of nodes with . A junction tree
example is shown in Fig. 4(c) for a simple QCA arrangement.

With each clique in the junction tree we associate a func-
tion , also termed as the probability potential function, over
the variables in the clique, constructed out of conditional prob-
abilities in the BN. For each conditional probability in the BN

pa , we find one and only one clique that contain the
node set Pa . The potential function for a clique is the

product of the conditional probability functions mapped to that
clique. Thus,

Pa
pa (11)

The joint probability function, which was expressed as product
of conditional probabilities, can now be expressed equivalently
as the product of these individual clique potentials

pa (12)

The tree structure is useful for local message passing. Given
any evidence, messages consist of the updated probabilities of
the common variables between two neighboring cliques. Global
consistency is automatically maintained by the running intersec-
tion property discussed earlier.

A. Averaged Likelihood Propagation

The probabilities are propagated through the junction tree
just by local message-passing between the adjacent cliques. The
propagation involves two passes through the junction tree. In the
first pass, messages are passed from the leaf cliques to an arbi-
trarily designated root clique. Upon receiving all messages from
the leaf cliques, the root clique then initiates the second phase by
passing messages to its neighbor. The message passed between
two neighboring cliques and consists of the marginal over
the variables common to them, i.e., their separator set . The
two neighboring cliques have to agree on probabilities over the
separator sets. The marginals and , based on the
potentials at and , are computed as follows:

(13)

(14)
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Fig. 6. Four different majority gate configurations are shown in (a), (b), (c), and (d). M3 has unbalanced inputs and M4 is clocked. The corresponding Bayesian
network structures are shown in (e), (f), (g), and (h). (a) M1, (b) M2, (c) M3, (d) M3.

If a message is being transmitted from to , then the scaling
factor is transmitted to clique and the probability
distribution of is rescaled

(15)

New evidence is absorbed into the network by passing such local
messages. Because the junction tree has no cycles, messages
along each branch can be treated independent of the others and
the updating procedure terminates in a time that is linear with
respect to the number of cliques.

B. Maximum Likelihood Propagation

In the context of QCA circuits, it will be necessary to com-
pute the ground-state configuration and its probabilities. This
can be cast as the maximum likelihood estimation problem. The
ground state is given by the .
Since the problem of maximization of a product of probability
functions can be factored as product of the maximization
over each probability functions, this maximization can also be
computed by local message passing [18]. The overall message
passing scheme remains exactly the same, except that the

Fig. 7. The probability of correct output state for four majority gate structures
in Fig. 6, computed by the Bayesian network model, with four different inputs.
Due to symmetry, the results for the complemented forms of the inputs are the
same.

messages passed between two cliques are computed using the
maximum operator

(16)

(17)
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Fig. 8. Validation of the Bayesian network modeling of QCA circuits with Hartree–Fock approximation based coherence vector-based quantum mechanical sim-
ulation of same circuit. Probabilities of correct output are compared for basic circuit elements.

If a message is being transmitted from to , then the scaling
factor is transmitted to clique and the probability
distribution of is rescaled.

(18)

To find the configuration with this maximum likelihood proba-
bility, we start with the root clique, and choose its most likely
configurations. Then, we move on to its neighbors and choose
their most likely configurations, constrained by the configura-
tion of the separator nodes chosen in the root clique. The process
continues to the neighbors of the neighbors and so on. The max-
imum likelihood probability can be computed by the product of
the probabilities from the individual cliques.

IV. STUDIES WITH QCA CIRCUIT COMPONENTS

In this section we present BN models for basic QCA el-
ements, such as wires and majority gates. We validate the
models with the self consistent approximation estimates based
on Hartree–Fock (HF-SCA), as computed by the coherence
vector formulation in the QCADesigner [13]—the present
de facto standard QCA simulator. We report results directly
in terms of the probability of a cell being one of two states

and , instead of in terms of polarization,
which is . Since the output cell states
are dependent on the input states, we present probability of
the correct output state, which can be 0 or 1 depending on the
intended logic of the QCA circuit. We also present the nature of
the variation of the correct output probabilities with tempera-
ture . The thermal behavior of a QCA circuit is dependent on
the kink energy between the QCA cells, which in turn depends
on the physical implementation of the cells; molecular cells
will have higher kink energy than metal or semiconductor
based ones [19]. So instead of reporting the variation directly in
terms of the temperature, we consider the thermal ratio ,
where is the largest kink energy between two QCA cells in
the design and is the Boltzman constant.

A. Wires

We first consider the nine-cell QCA wire arrangement, shown
in Fig. 2(a). Fig. 5(a) plots the BN computed probability of cor-
rect output with temperature for different influence radii. We see
that the model with one-cell distance influence is slightly dif-
ferent from the other neighborhood models, which cluster with
each other fairly well. This confirms with the usual wisdom that
an influence neighborhood radius of two-cells is usually suffi-
cient for modeling the interaction between the QCA cells. We
also see that for the probability of correct output
is . In Fig. 5(b) we compare the probability of correct
output computed by the BN with the HF-SCA estimate for a
two-cell radius of influence. We see that the estimates are fairly
close.

B. Majority Logic Gate

The basic logic block for QCA designs is the three-input ma-
jority gate. We considered four structures of the majority gate,
shown in Fig. 6. The first two structures M1 and M2 differ in
terms of the number of cells in the design and were considered in
semiclassical modeling study for molecular implementations in
[19]. The gate M3 is an unbalanced version of the majority gate,
which was also considered in [14]; the input wire lengths are
not the same. It was shown that first order HF-SCA approxima-
tion results in erroneous results for this gate; however, the con-
sideration of correlation between cells results in correct mod-
eling. The gate M4 is the clocked version of the majority gate.
Fig. 6(e)–(h) shows the Bayesian net models for each of these
four majority gate structures. The location of the nodes corre-
sponding to the cells have been displaced to reveal the two-cell
effect radius based link structure of the net.

Fig. 7 shows the BN computed probability of correct output
state for the four majority gate structures for with four different
inputs. Due to symmetry, the results for the complemented
forms of the inputs are the same as that for these four inputs.
Note that the probability of correct operation of the majority is
dependent on the inputs. The worst case input is (0, 0, 1). Also
note that the BN model can correctly model the unbalanced
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Fig. 9. Variation of probability of correct output with respect to temperature (E =kT ), inputs, and design. The probability of correct sum and carry-out for the
first of full adder are shown in (a) and (b), respectively. The corresponding probabilities for the second full adder design are shown in (c) and (d).

Fig. 10. Probability of most likely state (ground) configuration that result in correct output and those minimum energy configurations that result in errors in the
sum and carry output lines: (a) for the first design and (b) for the second design.

majority gate (M3) by accounting for correlation among cells
by the network structure.

C. Other QCA Logic Elements

In Fig. 8 we present validation of the BN model against the
HF-SCA estimates for more basic QCA circuit elements, such
as corners, crossbars, wiretaps, and inverter taps, in addition to
wires (nine-cell line) and majority gate (M1). We see that the
estimates agree with each other very well.

V. STUDIES WITH FULL ADDER DESIGNS

One fairly well studied QCA circuit is a full adder, for
which many designs have been proposed [20]. In this section,
we demonstrate the ability of the Bayesian network model to
handle large collections of QCA cells using two such full adder
designs. In rest of the section we refer to these adder designs as
the first and the second adders. The structure of the first adder
design is shown in Fig. 11(a) and that for the second adder
design is shown in Fig. 11(c). Fig. 9 shows the thermal variation
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Fig. 11. Differences in cell states (polarization), shown in red, between ground state and the energy state that results in erroneous outputs for an input vector of
1,0,0. The sum and the carry output most likely error modes for the first design are shown in (a) and (b), respectively.

of the probability of correct sum and carry output with respect
to the . As expected, output errors are dependent on the
inputs; however, the variations in the probabilities of correct
output is more for the first design than the second design.
The second design clearly results in better probabilities of
correct outputs at higher temperatures (lower ) than the
first design. Also, the inputs effect the sum and carry outputs
differently. The worst case input for the carry-out, i.e., (0,0,1),
is not the worst case input for the sum output. This is true for
both the adder designs.

Another analysis of interest when comparing QCA designs
is the comparison of the least energy state configuration that
results in correct output versus those that result in erroneous
outputs. Fig. 10 shows the probabilities of the most likely state
(ground) configuration with correct outputs and those minimum
energy states configurations with error in the carry and sum
output lines, for different inputs. The second adder design is

better than the first because the ratio of the probability of the
erroneous state configuration to the probability of the correct
configuration is lower than for the first design.

Not only can we compute the probability of the most likely
state configurations, but we can also compute the most likely
cell state configuration itself. For one input, Fig. 11 shows the
cells with erroneous states (shown as red cells) between least
energy configurations resulting the correct output and the least
energy configuration that results in error in the carry or the sum
output lines for the first adder design. We found that, for dif-
ferent input combinations, the cell state errors in the first design
start at the wiretaps, whereas the state errors in the second de-
sign (shown in Fig. 12) start at the corners. These are the weak
spots in the respective designs that need to be reinforced to im-
prove them. Also, in the second design, errors in the sum line
occur along with errors in the carry lines, since the underlying
logic uses the carry output line to construct the sum output.
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Fig. 12. Differences in cell states (polarization), shown in red, between ground state and the energy state that results in erroneous outputs for an input vector of
1,0,0. The sum and the carry output most likely error modes for the second design are shown in (a) and (b), respectively.

TABLE II
TIME ON A PENTIUM III, 800 MHZ PC WITH WINDOWS XP

VI. COMPLEXITY

The BN model based computations are fast. In Table II we
compare with the time taken by the time marching solution of
the HF-SCA, as implemented in the QCADesigner [13]. We re-
port total time taken (CPU I/O) to compute the ground state
and polarizations for one input combination. However, since the
QCADesigner does a full simulation of the temporal dynamics
of the circuits over multiple clock periods, to be fair, we report
the average time taken to compute the steady values for one
time instant. The BN time includes the time taken to compile
the Bayesian network and inference times. We see a two to five
times speedup over iterative strategies. It has to noted that in ad-
dition to ground-state polarization, the BN model allows us to
reason about near-ground states.

It might appear that BN modeling is able to bypass the com-
binatorics of computing the ground state of an cell arrange-
ment, which is known to be NP-hard [21]. However, this is not
so. The BN modeling exploits the independencies that exist due
to spatial separation of cells to arrive at the least complex model.
In the worst case, every cell is dependent on every other cell,

resulting in a complete DAG BN model, with exponential rea-
soning complexity. In the rest of the section, we derive the order
of complexity of reasoning with the BN model in terms of QCA
circuit parameters.

Recall that the inference process is preceded by a compila-
tion process that transforms the Bayesian network structure into
a tree of cliques, called the junction tree. So we first look at the
complexity of the compilation process, which consists of three
steps [18]. First, the BN is transformed into a moral graph by
removing the directions on the links and mutually connecting
the parents of a node. This is a process, where

is the number of nodes or QCA cells, is the maximum
number of parents of any node in the network, and is the
number of links in the BN. Second, this moral graph is trian-
gulated with the minimum fill-in heuristic based triangulation
method whose complexity can be shown to be , where

is the number of nodes and is the number of links. The
cliques of the triangulated graph are extracted during the trian-
gulation process itself. The third step involves the construction
of the junction tree which requires one pass through the ordered
list of cliques generated during triangulation. The complexity
is . Thus, the overall complexity of the BN compilation
process is .

Next, we consider the complexity of the inference process.
Each step of the message passing scheme requires the compu-
tation of the marginalized averaged or maximum probabilities,
depending on whether we want simple probabilities or max-
imum likelihood states. The required number of operation for
this marginalization at each clique will be proportional to the
size of the joint probability function of that clique. From this
observation, it can be shown [22] that the inference process
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is time where is the number of cliques and
is the maximum clique size.

Upon adding up the complexity of compilation and the infer-
ence process, we infer that the complexity of the overall process
is . Using the fact that the number
of cliques is less than the number of vertices , and the
fact that the maximum clique size is greater than the maximum
number of parents of any node, i.e., , we have

as the overall complexity. An upper bound
on the number of edges, , can constructed out from the max-
imum clique size and the maximum number of possible cliques

(19)

Using this fact, it is obvious that the exponential term will dom-
inate the complexity, which will be

A good upper bound on the maximum clique size can be ar-
rived at using the bounds on a quantity called the induced width
of a graph, which was derived in [22] and we do not describe it
here

Pa

Ch

Ch

Pa (20)

where Pa and Ch refer to the parent and children sets
of the node , respectively. In the context of QCA circuits,
the number of parents and children will be determined by the
neighborhood radius used to model the cell to cell interactions,
which would be bounded. Let this radius be ; in most cases a

cell radius suffices. And the total number of parents and
children would be bounded by , a constant. Thus, the overall
complexity is linear in the number of cells, i.e., , given
bounded radius of influence.

VII. CONCLUSION

We presented an efficient Bayesian network based on prob-
abilistic modeling for QCA circuit that can estimate cell po-
larizations, ground-state configurations, and near-ground-state
configurations for clocked designs, without the need for com-
putationally expensive quantum-mechanical computations. We
showed that the polarization estimates are in good agreement
with those computed by quantum-mechanical Hartree–Fock
SCA formulation. The BN model should be useful for vet-
ting circuit designs at higher levels of abstraction in terms
of not only the ground state, but also polarization, thermal
dependence, and the error modes. We illustrated this using two
full adder designs. One possible future direction involves the
extension of the BN model to handle sequential logics. This
is possible using an extension called the dynamic Bayesian
networks, which have been used to model switching in CMOS
sequential logic [23].
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