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We consider a production inventory system that produces a single product type, and inventory is maintilined according to an (S, s) 
policy. Exogenous demand for the product arrives according to a random process. Unsatisfied demands are not back ordered. Such 
a make-to-stock production inventory policy is found very commonly in discrete part manufacturing industry, e.g., automotive 
spare parts manufacturing. It  is assumed that the demand arrival process is Poisson. Also, the unit production time, the time 
between failures, and the repair and maintenance times are assumed to have general probability distributions. We conjecture that, 
for any such system, the down time due to failures can be reduced through preventive maintenance resulting in possible increase in 
the system performance. We develop a mathematical model of the system, and derive expressions for several performance 
measures. One such measure (cost benefit) is used as the basis for optimal determination of the maintenance parameters. The model 
application is explained via detailed study of 21 variants of a numerical example problem. The optimal maintenance policies 
(obtained using a numerical search technique) vary widely depending on the problem parameters. Plots of the cost benefit versus 
the system characteristic parameters (such as, demand arrival rate, failure rate, production rate, etc.) reveal the parameter 
sensitivities. The results show that the actual values of the failure and maintenance costs, and thl~ir ratio are significant in 
determining the sensitivities of the system parameters. 

1. Introduction 

A discrete part production inventory system is considered 
in this paper. The system produces a single product type 
to  satisfy an  exogenous demand process. T o  hedge 
against the uncertainties in both the production and the 
demand processes, provision for a finished inventory 
buffer between the system and the demands is kept. De- 
mands that arrive when the inventory buffer is empty are  
not back ordered and are, therefore, lost. (The assump- 
tion here is that the customers are not loyal and thus use 
alternate manufacturing facilities to  meet their needs). 

Apart from the randomness of the production and the 
demand arrival processes, the factors that further com- 
plicate the system operation are the failure process and 
the repair process. I t  seems logical that some form of  
preventive maintenance of the system may improve the 
performance of the production process by avoiding un- 
scheduled and usually long interruptions caused by the 
system failures. However, since preventive maintenance 
also interrupts the production process, the important 
question is: should the system be maintained? If so, how 

mizes the system performance. The measure of system 
performance considered for optimization is the average 
cost benefit ($/unit time) due to maintenance, which is a 
function of the service level (% of satisfied demands) and 
other cost parameters of the system. A schematic diagram 
depicting a system (as described above) is given in Fig. 1.  

An alternative popular concept of hardware maint-en- 
ance is known as Reliability Centered Maintenance 
(RCM). The plans derived from RCM greatly extend the 
useful life, prevent a decrease oi: reliability and/or dete- 
rioration of safety, and reduce support cost as  well as  the 
Life Cycle Cost (LCC) [ I ] .  The  RCM philosophy con- 
siders the following modes of maintenance: 

( I )  Hard-Time Replacement (HTR), where compo- 
nents are replaced after fixed time intervals. 

(2) On-Condition Maintenance (OCM), where main- 
tenance plans are made b;ised on  periodic inspec- 
tions and evaluations. 

(3) Condition Monitoring (CIVI), where the hardware 
condition is monitored continuously through in- 
strumentation. 

often? In this paper, we address the issue of determining i n  recent years, the Condition lvlonitoring (CM) based 
the optimal level of preventive maintenance that maxi- preventive maintenance strategy has gained widespread 
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Fig. 1. A single product production-inventory system with ex- 
ogenous demand. 

acceptance. A survey of industrial plants employing more 
than 100 workers showed that 80.1 % had a proactive or 
predictive maintenance program in place [2]. These pro- 
grams employed lubricant analysis (78.9%), vibration 
monitoring (78.3%), infrared thermography (65.2%), 
ultrasonic monitoring (54.3 %), wear particle analysis 
(43.1 %), and other technologies (1.2%). As the number 
of usable technojogies for CM increase, the need for an 
effective way to integrate them becomes increasingly im- 
portant. Researchers in this field are working toward 
matching the technologies to the common modes of 
failures, and developing optimal combinations (packages) 
of CM technologies for different industrial preventive 
maintenance applications [3-51. 

In developing CM-based preventive maintenance poli- 
cies, besides new technology development for condition 
monitoring, attention should also be paid to character- 
izing the relationships between the conditions and 
equipment failure, and also correlations, if any, among 
the various conditions. Moreover, the existing CM-based 
maintenance policies can be further improved when they 
are developed in consideration with the system conditions 
(not just the machine conditions). For example, certain 
machine conditions, which are not significant enough in 
themselves to warrant a maintenance, when considered in 
conjunction with other system conditions (such as, high 
inventory status, availability of the maintenance crew, 
etc.), may need a preventive maintenance. 

The preventive maintenance model for a production 
inventory system, 3s developed in this paper, uses infor- 
mation on the system conditions (such as, finished 
product demand, inventory position, and the costs of 
repair and maintenance), and a continuous probability 
distribution characterizing the machine failure process. 
For some machines, it may not be possible (with existing 
technologies) to effectively monitor their conditions for 
predicting failure. In such a case, using probability dis- 
tri bution to characterize the failure process is, perhaps, 
the only alternative. When it is possible to monitor, 

substituting the machine failure distribution with the 
observed machine conditions (e-g., vibration, wear, 
lubricant quality, etc.), our model can be expanded to 
include CM at  the cost of increased computational 
complexity. However, with the emergence of simulation 
based stochastic approximation approaches, such as 
learning automata [6] ,  and reinforcement learning [7], i t  
seems possibie that the issue of increased computational 
complexity can be effectively addressed. 

Make-to-stock type production inventory systems are 
found very commonly in discrete part manufacturing sys- 
tems, e.g., automotive spare parts manufacturing. The 
specific characteristics of the system that are considered 
here are as follows. The time required for manufacture of 
each part (M) is a random variable having a general 
probability distribution. The unit demand arrival process is 
Poisson. The buffer inventory is maintained according to a 
(S, s) policy; according to which the system stops produc- 
tion when the buffer inventory reaches S (such a period of 
inaclion is often referred to as a server vacation in the 
queuing literature), and the production resumes when the 
inventory drops to s. The system is prone to failures, where 
the time between failures (T) and time to repair (R) are 
random variables having general probability distributions. 
During its vacation, the system stays in cold standby mode 
and does not age or fail. Thus, the system's vacation is 
terminated only by a drop in the inventory to level s. Pre- 
ventive maintenance decisions are made only at the com- 
pletion epoch of a part, and they depend on both the 
current inventory level and the production count (number 
of parts made by the system since the last repairlmainten- 
ance). We also consider that the time required for main- 
tenance is a generally distributed random variable, and a 
maintained system is as good as a repaired one. 

Note that, the consideration of the demand arrival 
process as a Poisson process is a modeling necessity. This 
helps to preserve the semi-Markov structure of the system 
without the need to expand the system state space to in- 
finity. However, when the demand arrivals take place 
from a large customer base, the Poisson assumption can 
be technically justified. 

There are relatively few papers in the current literature 
that consider the reliability aspect of production inven- 
tory systems. These papers can be classified into two 
groups depending on the type of systems considered: (1)  
continuous production systems; and (2) discrete part 
production systems. We first review the papers that deal 
with continuous production. Meyer et al. [8] have con- 
sidered a system with a constant demand rate, random 
failure and repair processes, limited inventory, and no 
back ordering. A similar model was considered by Part- 
hasarathy and Shafarali [9]. Posner and Berg [lo] have 
considered an unreliable production facility for which 
they obtained the steady-state distribution of the inven- 
tory level, which was then used to compute the system 
service level. Berg et al. [ l  I] have considered a system 
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having multiple machines each of which produce (con- 
tinuously and uniformly over time at  a fixed rate) the 
same type of item. They used the level-crossing analysis 
technique to compute system performance measures such 
as production rate, machine utilization, and fraction of 
demand satisfied. 

Shafarali [12] presents an excellent treatment of a single 
machine discrete part production inventory system. The 
system considered in Shafarali's work is somewhat similar 
to ours except that it assumes exponential distributions for 
the production time and time between failures, and does 
not consider preventive maintenance. Hsu and Tapiero [13] 
analyzed a M/G/l queue type job shop as a renewal pro- 
cess where jobs arrive according to a Poisson process and 
the service time has a general probability distribution. They 
considered finding the optimal preventive maintenance 
interval n (number of items produced between a mainten- 
ancelrepair and the subsequent maintenance) that mini- 
mizes the average cost (of maintenance, additional waiting, 
and lost capacity). Hsu and Tapiero implemented their 
results on a MIMI1 type numerical example problem. We 
also note here that a broad class of systems studied in the 
literature under the purview of single server queues with 
homogeneous customer (as in the papers of Morese [14], 
Prabhu [15], Yao and Buzacott [16], to name a few) are 
analogous to the job shop type production system studied 
in Hsu and Taipero [13]. We conclude from our review of 
the literature that, the consideration of preventive main- 
tenance on a discrete production inventory system, as 
presented in our paper, is new. 

In this paper we develop a semi-regenerative model for 
the proposed production inventory system with preven- 
tive maintenance. The model is developed through char- 
acterization of the stochastic processes that underlie the 
system. Using the properties of the probability structure 
of these stochastic processes, the desired measures of 
system performances are developed. Such performance 
measures are used as a basis to optimally determine the 
maintenance criteria, which can be stated as: ifthe current 
inventory is i and the production count (number of products 
made since the last repairlmaintenance) is at lemt N;, then 
maintain the machine. 

The remainder of this article is organized as follows. In 
Section 2 we outline the probability model. Using the 
properties of the probability model, we develop expres- 
sions for the measures of system performance in Section 
3. A numerical example is analyzed in detail in Section 4. 
Some algebraic details of the example problem are placed 
in the Appendix. Concluding remarks are placed in Sec- 
tion 5. 

2. Mathematical model 

We first identify the stochastic processes that account for 
all the random events, namely, production, demand ar- 

rival, vacation, failure, repair, ao.d preventive mainten- 
ance. We obtain a probability structure on those 
stochastic processes which are thcn exploited to obtain 
system performance measures. 

Let the system state be denoted by a 3-tuple (w, i ,c)  
where w indicates the system stattcr, i indicates the 
inventory status, and c indicates the production count 
since the last repair or preventive maintenance. The 
system state space, denoted by E, is given as 
E = Cs,lVi+2(s+ l ) ,  since w:=  {O, 1,2) (where O= 
working; 1 = preventive maintmance; 2 = repair), 
0 < i 5 S, and 0 5 c 5 Ni. 

We note that the system state changes at those time 
epochs when any of the following; events occur: produc- 
tion completion, demand arrival, system failure (with 
which the start of repair coincidl;~), repair completion, 
and maintenance completion (maintenance always begins 
at  a production completion epoch). The start of pro- 
duction epochs always coincide with the other epochs 
mentioned above. We shall refer to these epochs as system 
state change epochs. Between two such consecutive epochs 
the system state remains the same. 

Let xk denote the system state immediately following 
Pk, the time of the kth system stat): change, where k E X 
with JV denoting the set of positive integers. Also, let Y, 
denote the system state a t  any time t, and R+ denotes the 
positive real line. Define = : t E R+), where for 
almost all realizations 4 of 3, 6 3 )  = Rk(4) ,  whenever 
f k ( 4 )  5 1 < ft+l(4). 

Now consider the set, H, of epochs corresponding to 
the beginning and completion of production, repair, 
and maintenance activities of the system (H is a subset 
of the system state change epochs described before). 
Let T, be the time of the mtll epoch of H, where 
m E M ,  and the system state iminediately following T ,  
is Xm. Define X={Xm:mEJY' ) ,  T = { T , : m E X ' ) .  
Then we have (X,T) = {(X,, T,) : rn E M ) .  We ob- 
serve that the processes (X, T), X, and I have certain 
useful properties when the following conditions are 
satisfied: 

P{Xm+, = jCy,, . . .,Xm; To,.  T m , T m + ~ }  
= P{X,+I =jVI,; T.+I - Tm), 

' and 

The properties are: (1) (X,T) 1.: Markov renewal on 
E x R+; (2) X forms a Markov shain on E, and (3) if 
supm{Tm : m E JY) = oo almost surely, is semi-regen- 
erative on E. The proofs of these results follow easily 
from similar arguments used (in a different context) by 
Das and Wortman [17]. The elements of the semi-Markov 
kernel Q = {Q(i ,  j , t )  : i ,  j E E;  t ti R+} of (X,T) are 
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obtained from the following expression using the condi- 
tions ( 1 )  and (2). 

x {T,+, - T, 5 UL = i). (3) 

Using (3) we obtain the one step transition probability 
matrix P of the Markov chain X as 

P = {P( i ,  j )  : P(i ,  j )  = lim Q(i, j ,  I ) } .  
1-00  

Note that the conditions (1) and (2) on which the above 
mentioned properties 1, 2, and 3 depend, always hold for 
the type of systems considered here. 

3. System performance measures 

In what follows, we expose the computational formulae 
for various performance measures of the production 
inventory system, such as: (1)  service level of the prod- 
uct; (2) average level of inventory in the system; 
(3) system productivity; and (4) a cost based measure- 
(defined later). 

Define a,, for j E E, as the limiting probability of the 
system being in state j at  any time t ,  i.e., 

- lim P{Y ,  = j ) .  3 - ,.+, 
It follows from the stationary behavior of the semi-re- 
generative processes [I 81 that the limiting relationship in 
(4) can be written as 

3.2. Average inventory level 

The avevge inventory level in the system (Q) is given by 

3.3. System productivity 

We define the productivity of the system ( f )  as the per- 
centage of time the system is producing (i-e., the system is 
not in repair, maintenance, or vacation). Define a subset 
B C  E such that B =  { ( w , i , c )  : w =O,i < S}. We have 
that 

In a similar manner as above, we can also obtain the 
percentages of time the system is under repair, under 
maintenance, and on vacation. 

3.4. Cost model 

Let G denote the net cost benefit (in dollars per unit time) 
due to the implementation of a preventive maintenance 
policy. Considering only the cost elements that are di- 
rectly relatea to the maintenance policy, we define G as: 

G = additional revenue per unit time from increased 
service level (R,) + savings in repair cost per unit 
time (S,) - cost of maintenanceper unit time (M,). 

(9)  

x 1 P ( X  = j17'~'> t ,Xo = I)P{& > tlXo = I) dr, The additional revenue per unit time (R,) may be con- 
strued as, for example, the additional receipt due to 
higher demand service level minus the additional cost of 

( 5 )  demand servicecalculated o n a  per unit time basis. Any 

where, 7~ = (~(j) : j E E) is the stationary probability maintenance policy will essentially reduce the number of 

distribution on the Markov chain X, and I(/ = repairs performed on the system per unit time resulting in 

{$(j); j E E) is the vector of the mean sojourn time of the repair cost saving. (Note here that repair cost saving 

(X,T) process with Jib) = EITl 1x0 = j]. ( E [ . ]  denotes an implies only the cost savings of labor and supplies. 

expected value.) Reduction in system down-time due to reduced failures is 
reflected in the service level). The cost of maintenance, 

3.1 . Service le vcl 

Service level (Q) is defined as the average percentage of 
the demands that are satisfied by the production inven- 
tory process (recall that, since back ordering is not al- 
lowed, the unsatisfied demands leave the system). Let 
Ai C E, for i S, denote the subset of the system states 
having inventory status i, such that UAi = E. Then we 
have that 

thus, should also include only the labor and supplies. 
To develop expressions for R,, S,, and Mc, we adopt the 

following notation. 

0, (On,.) = service level without (with) preventive 
maintenance; 

cd = net receipt minus the cost per unit addi- 
tional demand serviced; 

y = demand arrival rate; 
c, = cost per repair; 
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c, = cost per maintenance; 
E[T] = mean time between failures (hence, repairs) 

without maintenance; 
E[T,] = mean time between repairs with mainten- 

ance; 
E[R] = mean time needed for each repair; 
E[T,] = mean time between maintenance; 
E [ K ]  = mean time needed for each maintenance. 

Let Em c E (E, c E) denote the subset of the system state 
space indicating that the system is under maintenance 
(repair). Clearly, Em = {(I, a ,  -)} and Er = {(2, -, -)). Also 
let F(a ,  b)  denote the mean first passage transition time of 
the Markov renewal process (X,T) from state a E E to 
state b E E. Then we have that, 

where, for j E Em, we have that 

FO., Em) = C PO., k ) ~ ( k ,  Ern) + + ~ i )  - (1 1)  
k BE, 

In a similar manner as above, we can write the following. 

where, for j E Er, we have that 

We then obtain the components of the cost benefit (G)  as 
foilows. 

We also note that the quantity G/(yCdO,) gives the cost 
benefit as percentage of the profit derived from the system 
without maintenance. 

4. Optimal maintenance policy selection 

The selection of the optimal maintenance policy 
{ N i  : 0 < - i 5 S )  can be accomplished by solving the fol- 
lowing optimization model. 

Maximize G 

Subject to Ni 2 0, for all 0 5 i 5 S. 

For not having a closed form expression for the objective 
function G, we have used numerical techniques in solving 
the optimization model for the example problems. 

5. Numerical example problem 

We consider a fairly general example problem as a vehicle 
for providing further details on the solution procedure. 
Also presented are numerical results that provide further 
insight to the problem. The charac:teristics of the example 
problem are given next. We note that the choices of the 
types of probability distributions for the example prob- 
lem (except for demand arrival, which is Poisson) are 
somewhat arbitrary and do not irnply any limitations of 
the modeling process. The choice of gamma distribution, 
in particular, is motivated by: (1) ::he fact that by varying 
its parameters it can be made to describe a wide variety of 
data distributions; and (2) its property that sum of gamrna 
is gamma, which provides a unique computational con- 
venience. 

Demand arrival process is Poisson (y). 
Production time (M) for each product has a Gamma 
(d, A) distribution. 
Time to system failure (T) h ; ~ s  a Gamma (k, p) dis- 
tribution. 
Time required for preventive maintenance (K) has a 
Uniform (a, b) distribution. 
Time required for system reyair (R) has a Gamma 
(r ,  6) distribution. 
The system does not age during its vacation (non- 
production period). 
Buffer inventory is maintained by (S = 3, s = 2) pol- 
icy. 
The arriving demands have a. batch size of I. 

For the given parameters, the system state space of the 
problem is given as 

Note from the state space that, No,lVl, N2, and N3 in- 
dicate the optimum production counts (corresponding to 
inventory levels of 0, . . . , 3  respectively) at  which main- 
tenance is to be carried out. Intuitively it is clear that 
No > N1 2 N2 > N3 (since when the i~lventory is low, it 
may be prudent to hold off maintenance longer). We also 
note that the minimum inventory a t  ;I production com- 
pletion epoch is one (I), and maintenance decisions are 
always made at  the production completion epoclls. 
Hence, the system (as described by the Markov chain X) 
never visits the states (O,O,c), for all c, at  a production 
completion epoch. These states ;ire only visited by the 
semi-regenerative process g whenever inventory is com- 
pletely depleted in between two production completion 
epochs. Also, since the system status changes immediately 
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to maintenance as soon as the system reaches (O,l,N,),  
the system states given by (0,0, N, ), . . . , (O,0, No) (placed 
within the square brackets in the complete state space 
listed above) are never visited by the semi-regenerative 
process (CV) either, and hence these states need not be 
considered in our analysis. Thus the question of opti- 
mizing No does not arise. Some samples of one step sys- 
tem state transitions are shown in Fig. 2. 

More algebraic details on the solution procedure are 
given in the Appendix. In what follows, we discuss the 
numerical results. 

5.1 . Optimization search space 

We discuss the issues related to the nature and size of the 
search spacc of the example problem, of which the pa- 
rameters are as specified in Fig. 3. Note that the average 
production timelunit and the average time between de- 
mand arrivals are both 10 time units. The average time 
between failures is 100, and the average repair time is 200 
time units. 

We want to choose the optimum production count for 
every inventory level (N;), at  which to maintain the system 
so that the net cost benefit (G) is maximized. Hence, for 
the problem (with S = 3), the search space is over three 
par:lmeters ( N l ,  N2 and N3) .  As discussed earlier, No need 
not be considered. The possible values of N I , N z ,  and N3 
can range from 1 to ca. However, in practice we need to 
consider a much smaller search space. Consider the plot 
shown in Fig. 4(a) which displays the probability that the 
system fails after a production count of c. We see that for 
c 2 25 units, the probability tends to zero signifying that 
the system will almost surejy fail when i t  reaches a pro- 
duction count of 25 units. Thus the optimal maintenance 
levels have to be less than or equal to 25 units. Hence, we 
can restrict the search for the optimal values of Ni's be- 
tween 0 and 25 for this example problem. 

The cross-sections across the search space are shown in 
Fig. 4(b-d). Figure 4(b and c) show the variation of the 

Fig. 2. Snmplc one-step state transitions of the underlying 
Markov chain. 

Fig. 3. Parameters of the probability density functions for the 
numerical example problem. 

o,w 

E0.o~- 

0.04- 

0.02 

expected cost benefit as the two maintenance levels are 
varied keeping the third constant. Observe that the search 
space is smooth. There are no  multiple local optima. Also 
notice that variation of the service level is the largest with 
N3. 

Figure 4(d) reaffirms our earlier assertion that the cost 
benefit is not affected by the choice of No. T h s  fact is 
further illustrated in Fig. 5 where the stationary prob- 
abilities for the states (0, 0, c) ,  with c 2 N,, are zero. 

5.2. Optimization 

- . __  

r~ 

J 

- 

Next, we consider optimization of the cost benefit func- 
tion to obtain the optimum maintenance levels. Since it 
was evident from Fig. 4 ( M )  that the search space is 
smooth, we used a well known gradient search algorithm 
(method of steepest ascent) as follows. Starting at  an 
initial point, the search proceeds along the direction of 
maximum gradient ,until a maximum point is reached, 
which is then taken as the new starting point. The process 
continues until a stopping criterion is met. To ensure that 
the optimum point is indeed the global optimum, we 
considered ten different starting points for each optimi- 
zation. The solution converged to the same point for all 
of the starting points; this was, of course, very much 
expected since the plots of the cost benefit function (G) 
was found to be of convex nature. 

The optimal values of N;'s are found to be N1 = 6, 
N2 = 5, N3 = 5. The maximum net cost benefit per unit 
time of system operation (G) is $0.0194. 

5.3. The eflect of preventive maintenance 
on service level 

.. 

. . 

: 

It is interesting to study the variation of just the service 
level with preventive maintenance. Figure 6 shows the 

T.B.Fd)ure: G a ~ ( 0 .  0.M) (-.-) 

1.8.-: -(a. 04 (-1 

. Uainterwce Tmm: UribmP(5.20) (.-.) 

' 
Repair time: -2. 0.01) (- -) 

. 
. 

: 

- ; 
_.-- --- 
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Fig. 4. (a) Probability that time to failure exceeds production of c items. The cross sectional plots of tht: cost benefit function are 
displayed in (b), (c), and (d). The maintenance counts No and N1 are fixed at 20 for (b). The plots in (c) and (d) are with fixed 
(NO, N 3 )  and (A+, N3) ,  respectively. 

plot of service levels with decreasing levels of mainte- 
nance (i.e., with increasing production counts at  which 
maintenance is done); for this purpose, we have chosen 
the same values of the production counts (N) irrespective 
of inventory levels. Note that as N -, oo, in which case 
preventive maintenance is nonexistent, the service level 
tends to 0.3053. As expected, the service level starts from 
a low value for a small value of N, which implies too 
frequent preventive maintenance and the resulting loss of 
production. As N increases to improve the balance be- 
tween interruptions due to maintenance and failure, the 
service level increases to its highest level and then falls 
until reaching the asymptotic level. The decrease in ser- 
vice level with increasing N is a direct result of the in- 
sufficiency of maintenance and, therefore, increase in 
production losses due to failures. We also notice that the 
maximum possible service level obtained with mainten- 
ance is 0.6487, which represents a more than two-fold 

increase compared to that with no maintenance. Though 
the actual service level values (shown in Fig. 6) are de- 
pendent on the problem parameters, the nature of the 
curve shows a general trend. 

5.4. Sensitivities of system paramcrters 

In this section we study the sensitivities of the input pa- 
rameters that dictate the following;: demand arrivals, time 
to failure, production time, maintenance time, and the 
repair time. Table 1 shows the v;irious combinations of 
input parameters considered for the sensitivity study. The 
bold faced numbers denote the vi~lues of the parameters 
which are different from the base system (which appears 
on the first line of the table). For .txample, systems 2 and 
3 have lower demand arrival rates than the base system 
(system I). The systems 4 and 5 have higher demand iir- 
rival rates than the base system. Similarly, systems 14 and 
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- 
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' 0  5 10 15 20 25 30 35 40 45 
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Fig. 5. Stationary distribution (solid plot) of the 9' process on ~ i ~ ,  6. =he in service level maintenance counts, 
the system states (a total of 45 states labeled and shown on when N ,  = N~ = N~ = N .  
x-axis) when No = 2 0 , N I  = 6, N2 = 6,  and N3 = 5. 

15 have shorter maintenance times compared to the base 
system, whereas, systems 16 and 17 have higher main- 
tenance times than the base system. The last column of 
Table 1 shows the service levels without preventive 
maintenance (i.e., Ow). For each of the 21 system pa- 
rameter sets we consider three different cost structures: 
( I )  Cd = I ,  Cr = 5, Cm = 2; (2) Cd = 0-5, Cr = 10, Cm = 2; 

Since the term cost benefil encompasses the effects of 
service level, maintenance cost, and repair cost, we 
studied the sensitivities of the input parameters with re- 
spect to their corresponding cost benefits via the plots 
shown in Fig. 7(a-e). 

We make the following observations from the sensi- 
tivity plots. 

and (3) Cd = 1, Cr = 100, C, = 10. The results are enu- Figure 7(a) shows that for higher values of the ratio 
merated in Tables 2 to 4. of repair to maintenance costs (as in cost structure 

'Toblc 1. Input parameters for the numerical example problem 

System Time ber. Time to Product. Maint . Repair Serv. lev. 
demands failure timelunit time time w/o mainr. 

(7) (K, 11) (d ,  4 (a, 6 )  ( r ,  8)  
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Table 2. Optimum maintenance levels and other performance measures for example systems when Cd = 1 ,  C, = 5,  C, = 2. The 
third column shows the cost benefit as a percentage of profit without maintenance 

System Cost benefit Service level System productivity Average inventory Opt. main!. lev. 

(GI ( O W  
(NIB N2 r N3) 

Table 3, Optimum maintenance levels and other performance measures for example systems when Cd = 0.5, Cr = 10, C,,, = 2. The 
third column shows the cost benefit as a percentage of profit without maintenance 

System Cosr benefit Service level Sysremproductivily Averageinventory 0pr.maint . lev.  

(G) (%I (Nl N2 r N3) 

3), the cost benefit is sensitive to the time between maintenance, when the maintenance cost is high and 
demand arrivals. Thus, a higher rate of cost benefit, the repair cost is significantly higher than the main- 
with increase in demand, can be achieved by efficient tenance cost. 
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Table 4. Optimum maintenance levels and other performance measures for example systems when Cd = 1.0, C, = 100, C,,, = 10. 
The third column shows the cost benefit as a percentage of profit without maintenance 

System Cost benefit Service level System productivity Average inventory Opt. moint. lev. 

(GI (%) 
(NI, N2, N3) 

It can be observed from Fig. 7(b) that at very low 
values of time to failure, we can achieve very little 
gain with maintenance. However, as the time be- 
tween failures increases, up to a certain point, ef- 
fective maintenance strategies can ensure significant 
increases in cost benefit. As the time between failures 
increases beyond a point (when the system can be 
interpreted to be very reliable), the cost benefit from 
maintenance steadily decreases. 
As the production time per unit increases, the profit 
earned from increased productivity decreases, and, as 
a result, the cost benefit decreases. (Refer to Fig. 7(c).) 
Figure 7(d) shows that, for cost structures 1 and 2, 
the cost benefit decreases with increase in mainte- 
nance time. For cost structure 3, since the repair to 
maintenance cost ratio is high we get an increas- 
ing rate of cost benefit, even when the main- 
tenance time increases. However, further increases in 
the maintenance time should lower the cost benefit. 

a We note from Fig. 7(e) that, with increasing repair 
time, the cost benefit has a slightly increasing and 
then decreasing trend for cost structure 1. The in- 
crease in cost benefit could be attributed to the fact 
that the repair and maintenance cost are not far 
apart, and thus the increase in repair time makes a 
failure more critical and thus maintenance more at- 
tractive. For cost structures 2 and 3, the cost benefit 
steadily decreases with increasing repair time, which 
is quite expected. 

The following conclusions can be drawn from the 
above observations. Sensitivity of the input parameters 
are magnified when the costs of repair and maintenance, 
and their ratio are high. The sensitivities of the parame- 
ters, such as failure rate, production rate, and the repair 
rate are nonlinear, and change significantly over the 
parameter ranges. Hence, the graphs, as shown in 
Fig. 7(a+) could be useful in assessing the relative gains 
and losses from a preventive maintenance program with 
the changes in the associated parameters. 

5.5. Eflect of S and s levels 

For a production inventory system, as studied here, an 
important design issue is the optimal selection of the S 
and s levels, together with optimal maintenance condi- 
tions, that maximize the system performance. However, 
in this paper, we have focused only on the optimal 
maintenance part assuming that the values of S and s are 
fixed. To examine the effects of changes in the inventory 
levels (S and s) on the optimal preventive maintenance 
policies, we considered another set of values of these 
parameters (S = 2 and s = I ) .  The results obtained for all 
of the 21 systems (listed in Table 1) with the cost struc- 
ture I ,  are presented in Table 5. 

The cost benefit, service level, and the system produc- 
tivity values in Table 5 are (in almost all cases) distinc- 
tively lower than those for S = 3 and s = 2 (refer to 
Table 2). This indicates that, perhaps, higher (but, not 
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Fig. 7. Sensitivity plots for the input parameters. The solid plots are for cost structure 1 (Cd = 1,  C, = 5: C,,, = 2), the dashed plots 
are for cost structure 2 (Cd = 0.5, C, = 10, C, = 2), and the dot-dashed plots are for cost structure 3 (Cd = 1 .O, C, = 100, C, = 10). 

lower) inventory levels than S = 3 and s = 2 constitute a size of the state space and the number of decision va-ri- 
better inventory policy. We expect that with higher S and ables. In a related paper by Das ei' al. [7], we have studied 
s values, the frequency of machine vacation will be lead systems with much larger inventclry values (e.g., S = 30) 
less to higher productivity and higher service level re- using an approximation method, and used the optimal 
sulting in higher cost benefit. We limited our numerical results obtained from this paper for benchmarkingpur- 
experimentations to fairly small values of S to limit the poses. 
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Table 5. Optimum maintenance levels and other performance measures for example systems when Cd = 1 .O, C, = 5 ,  C, = 2 with 
s = 1 and S = 2. The third column shows the cost benefit as a percentage of profit without maintenance. 

System Cost benefit Service level System producrivity A verage inventory Opt. mainr . lev. 

(GI (%) w main. wlo main. 
(Nl, N2 1 

6. Conclusions 

A discrete production inventory system with fairly gen- 
eral characteristics has been considered here. The primary 
objective of the study was to determine when to perform 
preventive maintenance, if any, on the system so as to 
improve the system performance. The ma thematical 
model of the system provided a userul tool for deriving 
the expressions for system performance measures. The 
performance measures considered were service level, av- 
erage inventory, system productivity, and cost benefit due 
to maintenance. It was demonstrated, through a numer- 
ical example problem, how the cost based measure can be 
used as a basis for determining optimal level of preventive 
maintenance. The cost benefit function for such problems 
was found to be convex (as indicated by the plots of the 
function aild its subsequent optimization). As a result we 
were ab!e to use the steepest ascent search method to 
locate the optimum point (i.e., optimum parameters for 
preventive maintenance). 

The randomness involved in various operational as- 
pects of such systems makes them fairly difficult to ana- 
lyze. Furthermore, our assumptions of general 
probability distributions for all of the associated random 
variables (except the time between demand arrivals) made 
the analysis of the system more involved. In the absence 
of closed form for the performance measures, we used 
numerical methods to evaluate them. MATLAB was used 

for computation. A copy of the complete program can be 
requested from the authors. 

As evident from the numerical results, the modeling 
approach provides a useful tool for studying the effects of 
various system parameters on the overall system perfor- 
mance. We also note that, since E = ~ L N ;  + 2(S + I ) ,  
the computational effort needed to study the system in- 
creases with both S and the time to machine failure 
(which causes the search space of the Ni'S to increase). 
Hence, for problems with larger state spaces, approxi- 
mate solution methods are useful. (One such method can 
be found in Das ei al. [7J, where the maintenance prob- 
lem, as considered here, and its multiproduct extension 
are modeled as Semi Markov Decision Problems 
(SM DPs). The SM DPs are stochastically approximated 
using a relatively new simulation-based approach, called 
reinforcement learning). However, the exact analysis 
presented here, in addition to providing necessary insight 
for developing approximation procedures, serves as op- 
timality benchmark for the approximate solutions. 
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Appendix A. Sample calculations ' 

One-step transitions of the Markov chain 

Following are the possible one step transitions for which 
P(i, j )  > 0; for i, j E E: 

i=(O,O,c) - - r j = ( O , l , c + I ) ;  f o r c < N ( l ) -  1, 
i=(O,O,c) + j= (2 ,0 ,0 ) ;  f o r c=O , . . . ,  No-2, 

i =  (O,O,c) 3 j= (1,1,0); for c = N 1  - I ,..., N o -  1,  
i =  (O,O,No- 1) - j =  (2,0,0), 
i =  (O,i,c) + j =  (O, l ,c+ 1); f o r c = O  ,..., Nl -2,  
i =  (O,i,c) - j=  (0,2,c+ I); for c = O  ,..., N2-2, 
i =  (O,l,c) + j =  (2,1,0); for c = O  ,..., NI - I, 
i = (0, 1 ,  c) --, j = (2,0,0); for c = 0,. . . , Nl - I, 
i =  (0, l )Nl  - 1) + j =  (l,O,O), 
i =  (0, 1,c) + j =  (1,2,0); for c = N 2  - 1 ,..., NI - 1: 
i =  (0,2,c) --+ j = ( O , i , c + l ) ;  for c = O  ,..., min 

{N2 - 2) N, - :,I, 
i = (0,2,c) - j = (0,2, c + 1); for c = 0,. . . ,N2 - 2, 
i= (0 ,2 , c )  - + j = ( 0 , 3 , c + 1 ) ;  f o r c = O  , . . . ,  N 3 - 2 ,  
i =  (0,2,N3 - I )  + j=  (1133% 
i=(0 ,2 ,c )  + j= (2 ,2 ,0 ) ; - f o r c=O ,..., A$- 1, 
i= (0 ,2 , c )  --+j= (2,1,0); f o r c=O , . . . ,  N 2 -  1 ,  
i =  (0,2,c) - j =  (2,0,0); for c = O  ,..., N2 - 1 ,  
i =  ( 0 , 2 , N 2  - 1) + j= (1,2,0), 
i = (0,2,N3 - 1 )  +'j = (1,3,0), 
i =  (0,3,c) - j=  (0,2,c); f o r c = O  ,..., N 3 -  1, 
i =  (l,c,O) --+ j=(O,k,O); for k = O  ,..., c, and 

c = o ,  . . . ,  3, 
i =  (2,c,O) + j=(O,k,O); for. k = O  , . . . ,  c, and 

c = o ,  . . . ,  3. 

Sample one-step transition probabilities P(i,  j )  of Mark o v 
chain 

To obtain the transition probabilities, probability distri- 
butions on the sojourn times (Tm+I - T,) are needed. Let 
Zc = (T,+l - T,IX,) = (0, ., c). Then we have that 

Z, = min{(T - cMlT > chl), M), 

and hence, 

where 

P[(T  - cM) > r ]  = E[P(T > t + mlcM = m ) ] ,  

and FT(*) and fcM(-) are the CDF of T (gamma(k, p)) and 
pd f of cM (gamma(cd, A))  respectively . 

Then we have that 
- - 

P[Zc > t ]  = 1 { '  - F ~ ( r  + m ) l , ~ ~ ( m )  dm[] - F M ( ~ ) ] ,  
PIT > cM] 

0 

and 

Recall that 
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P(i, i) = Q(i, J ,  4 For c = 0, .  . . , (N2 - l) ,  we have 
M 4, = l imP{Y,= i=  (O,i,c)} 

= J P~x.+, = jx. = i, T.+, - T. = t) 1-+00 

0 
1 

d 
= - [n(O, 1 ,  c) 7 c-ylPIZc > tl tit 

x drP{Tm+I - T, 5 tIX, = i) dt. n x $  o 

Now, for i = (0, 0, c) and j = (0, I ,  c + I), where +n(O,2,c) y ~ e - y f ~ [ ~ c > t l d t ]  
c = 0,. . . , N I  - 2, we have 7 

0 

For i = (1,0,0), we have 

0 
d mi =I [ , (I ,  l ,O){/(l - e-yl)dz 

x - { I  - P[Z, > t]) dt. 
dt 

n x $  

For i=(O, l , c )  and j = ( O , l , c + l ) ,  where c = O  ,..., b 

N l  - 2, we have + / ( I  - e-")= - I  dl} 
M 

p(i , j)  = J(i - e d Y 1 ) ~ { ~  > ( c+  I ) M I T  > CM) 

a 

o d 
+ n(1,2,0){/(1 - cY1 - yte-") dr 

x - { I  - P[Z, > t]) dl. 
' dl b \ 

For i = (0,2, c) and j = (0, I ,  c + I), where c = 0,. . . , + / ( I  - e-yt - 
min{N2 - 2 , N I  - 21, we have b - a 

a 

For i = (1,2,0) -+ j = (0,0,0), we have 
b 

1 
Pi,) = J - e t  - y~e-~')- dt. For i = (2,1,0), we have 

b - a 
a 6 rp -  l e-6k 

For i = (2,2,0) -4 j = (0, 1 ,  0), we have dk dl 
T(r )  

00 ~r J- I e-6t 

~ ( i ,  j) = / yte-" dt. 

0 
r ( r )  

Sample limiting pro ha bifities 4 of the semi-regenerative 
process 

For c = 0,. . . , (IV2 - I), we have 

bi = ,li% P{Y, = i = (O,O, c)} 

- - ~ [ ~ ( o ,  0, c) 7 P(Z, > I] dt 
n x r l /  

0 

Proceeding in a similar manner, the remaining elements 
of P and 4i can be computed. Having these, calculation 
of the cost and other performance measures are fairly 
straightforward. 

+ n(0, I,c) ] (1 - e-yl)PIZ, > t] dt Biographies 
0 
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